Abstract. We present a generalization of Hirschman's entropic uncertainty principle for locally compact abelian groups to unimodular locally compact quantum groups. As a corollary, we strengthen a well-known uncertainty principle for compact groups, and generalize the relation to compact quantum groups of Kac type. We also establish the complementarity of finite-dimensional quantum group algebras. In the non-unimodular setting, we obtain an uncertainty relation for arbitrary locally compact groups using the relative entropy with respect to the Haar weight as the measure of uncertainty. We also show that when restricted to q-traces of discrete quantum groups, the relative entropy with respect to the Haar weight reduces to the canonical entropy of the random walk generated by the state.
Introduction
Heisenberg's celebrated uncertainty principle asserts the mutual incompatibility of measurements of position and momentum on L 2 (R), in the sense that the product of their uncertainties in any state is bounded below by some universal constant [11] . This was later quantified by Kennard [18] , who showed that (1) σ(Q, f )σ(P, f ) ≥ 2 for any f 2 = 1, where σ(Q, f ) is the standard deviation of a measurement of Q in the state f . As Q and P are unitarily equivalent via the Fourier transform, one may interpret this uncertainty principle as a statement about the complementarity of a function f ∈ L 2 (R) and its Fourier transformf ∈ L 2 (R). Indeed, it was shown by Hirschman [14] that
for all f 2 = 1, where H(|f | 2 ) is the entropy of the density |f | 2 ∈ L 1 (R). This was later sharpened by Beckner [2] to
Under the convention that ≡ 1, this latter inequality implies (1) , suggesting that entropy may be more suitable for measuring the complementarity of f andf . Moreover, Hirschman remarks that a similar argument as in [14] yields inequality (2) for arbitrary locally compact abelian groups.
With non-abelian group duality fully established, along with the entropy theory of normal states on von Neumann algebras, a natural question is to seek a manifestation of Hirschman's entropic uncertainty principle in this more general setting. In this paper, we present such a generalization 2010 Mathematics Subject Classification Primary: 46L89, 81R15; Secondary: 22D25, 81R05. The first author was supported by an NSERC Canada Graduate Scholarship.
to the level of unimodular locally compact quantum groups. As a corollary, we strengthen a wellknown uncertainty principle for compact groups, and generalize the relation to compact quantum groups of Kac type. We also show that the algebras L ∞ (G) and L ∞ (Ĝ) associated to a finitedimensional quantum group G and its dualĜ are complementary in the sense of Petz [22] , and satisfy a non-commutative analog of the well-known uncertainty relation for mutually unbiased bases.
Towards the non-unimodular generalization, in the final section we establish an entropic uncertainty principle for arbitrary locally compact groups by using the relative entropy with respect to the Haar weight as the measure of uncertainty. As a side result, we also show that when restricted to q-traces of discrete quantum groups, the relative entropy with respect to the Haar weight reduces to the canonical entropy of the random walk generated by the state (cf. [12, §2] ).
We begin with a brief overview of the relevant tools from locally compact quantum groups. For more details on the subject we refer the reader to [19] .
A locally compact quantum group G is a quadruple (M, Γ, ϕ, ψ), where M is a von Neumann algebra with a co-associative co-multiplication Γ : M → M⊗M , and ϕ and ψ are (normal faithful semi-finite) left and right Haar weights on M , respectively. We write M + ϕ = {x ∈ M + : ϕ(x) < ∞} and N ϕ = {x ∈ M + : ϕ(x * x) < ∞}, and we denote by Λ ϕ the inclusion of N ϕ into the GNS Hilbert space H ϕ of ϕ. For each locally compact quantum group G, there exist a left fundamental unitary operator W on H ϕ ⊗ H ϕ which satisfies the pentagonal relation and such that the co-multiplication Γ on M can be expressed as
Let M * be the predual of M . The left regular representation λ : M * → B(H ϕ ) is defined by
which is an injective map from M * into B(H ϕ ). ThenM = {λ(f ) : f ∈ M * } ′′ is the von Neumann algebra associated with the dual quantum groupĜ. It follows that W ∈ M⊗M . We also define the completely contractive injection
If G is a locally compact group, then G a = (L ∞ (G), Γ a , ϕ a , ψ a ) becomes a commutative quantum group associated with the commutative von Neumann algebra L ∞ (G), where the co-multiplication is given by Γ a (f )(s, t) = f (st), and ϕ a and ψ a are integration with respect to a left and right Haar measure, respectively. The dual quantum groupĜ a of G a is given by
where V N (G) = {λ(g) | g ∈ G} ′′ is the von Neumann algebra generated by the left regular representation of G, the co-multiplication is Γ s (λ(g)) = λ(g) ⊗ λ(g), and ϕ s = ψ s is Haagerup's
Plancherel weight (cf. [26, §VII.3] ). The duality of G a and G s may be seen as a non-abelian generalization of Pontrjagin-van Kampen duality. Indeed, when G is a locally compact abelian
, whereĜ is the dual group of G, i.e., the locally compact abelian group of continuous characters χ : G → T.
Let G be a locally compact quantum group such that the left Haar weight ϕ on G is a trace. 
extends to an isometric isomorphism between L 1 (G) and M * , where ϕ x , y = ϕ(xy). We say that G is unimodular if ϕ = ψ is tracial. In this caseĜ is unimodular too. For a locally compact quantum group G with tracial left Haar weight ϕ, and x ∈ L 1 (G) + with
where {e λ } are the spectral projections of x. For example, if G is a locally compact group with left
Haar measure µ G , and f ∈ L 1 (G) + with f 1 = 1, then
the classical entropy of the probability density f . For a state ρ ∈ T (L 2 (G)) := B(L 2 (G)) * , we denote the von Neumann entropy of ρ by H(ρ, tr).
The Uncertainty Principle
Inspired by a recent argument of Frank and Lieb [9] , we will use the following two well-known inequalities from quantum statistical mechanics, this first of which follows from Klein's inequality. 
where all sums converge in the weak* topology of B(L 2 (G)).
Thus, resolving the identity with any orthonormal basis (e k ) k∈K yields a Kraus decomposition of Θ(ω) withŵ k = (ω ξ,e k ⊗ ι)(W ). Clearly, k∈Kŵ * kŵ k = ω(1)1. To obtain the remaining sum we exploit unimodularity and use the involution on M * , which yields a new element
, whereĴ is the conjugate linear isometry arising from the standard representation ofM on L 2 (G). It follows that
, and so resolving the identity with the orthonormal basis (Ĵ e k ) k∈K yields the Kraus 
For a unimodular locally compact quantum group G, and 1 ≤ p ≤ 2,
. We also letρ = FρF * ∈ T (L 2 (Ĝ)), and consider the associated densityD ∈ L 1 (Ĝ)
Theorem 2.4. Let G be a unimodular locally compact quantum group, and ρ ∈ T (L 2 (G)) be positive
Proof. We follow along similar lines as in [9] . First consider the case when D ∈ M ϕ andD ∈ Mφ. Then
where A = − log D − F * logDF. Letting (e i ) i∈I be an orthonormal basis of L 2 (G) consisting of self-adjoint operators in N ϕ for all i ∈ I, and (ê j ) j∈J be an orthonormal basis of L 2 (Ĝ) in Nφ,
where all sums converge in the weak* topology of B(L 2 (Ĝ)). Indexing by finite subsets F of K,
kDŵ k defines a bounded increasing net of positive operators, so thatD F converges strongly to its supremum. Since the weak operator topology is equivalent to the weak* topology on
Hence, tr(e −A ) ≤ 1 and Lemma 2.1 yields
In the general case, for n ∈ N, we let
Then with 
Remark 2.5. Using the theory of generalized s-numbers of measurable operators affiliated to semi-finite von Neumann algebras (cf. [8] ), the above relation (4) becomes a classical inequality relating probability measures on (0, ∞). Indeed, for any positive ρ ∈ T (L 2 (G)) with tr(ρ) = 1, the associated densities D ∈ L 1 (G) andD ∈ L 1 (Ĝ) are positive self-adjoint operators affiliated to the semi-finite von Neumann algebras L ∞ (G) and L ∞ (Ĝ), respectively. Denoting their spectral decompositions by (e λ ) and (ê λ ), their t th singular numbers are
by [8, Remark 3.3] , where dt denotes the Lebesgue measure. Thus, in this setting it appears that the generalized singular numbers of operators and their non-commutative Fourier transforms behave in a similar manner to the classical Fourier transforms of functions.
Special Cases and Complementarity
A locally compact quantum group G is said to be compact if ϕ is finite. We say that a compact quantum group is of Kac type if ϕ is a tracial state. The representation theory for such quantum groups closely parallels that of compact groups (cf. [7, 29] ), and we shall use this theory to elucidate Theorem 2.4 in this setting. Our result may be seen as a generalization of [1, Theorem 2] -the strongest known quantitative uncertainty principle for arbitrary compact groups -to the setting of compact quantum groups of Kac type. We also show that finite-dimensional quantum groups give rise to canonical complementary subalgebras in the sense of Petz (cf. [22] ). We begin with a short review of the necessary tools from representation theory. Our reference throughout is [7] .
Let G = (M, Γ, ϕ, ψ) be a compact quantum group of Kac type. In this case M * becomes an involutive Banach algebra. By a representation of M * , we therefore mean a * -homomorphism α : M * → B(H α ). We assume the reader is familiar with the notions of irreducibility, nondegeneracy, and unitary equivalence for representations of involutive Banach algebras. We have the following facts about G: every irreducible representation α of M * is finite-dimensional and is unitarily equivalent to a sub-representation of the left regular representation λ with multiplicity d α := dim H α , and every non-degenerate representation of M * can be decomposed into a direct sum of irreducible representations. Thus, λ is unitarily equivalent to the direct sum (of equivalence classes) of irreducible representations α, each occurring with multiplicity d α . We remark that every
As in the group case, L 2 (G) becomes a Banach algebra, and there exists a continuous homomor-
In light of the above, if I denotes the set of equivalence classes of irreducible representations, it follows that the Fourier transform
is a Hilbert space isomorphism, where the norm in ℓ 2 − α∈I HS(H α ) is given by
Above, tr α denotes the unnormalized trace on M dα (C), and the factor of d α accounts for the multiplicity of α in the left regular representation. Under the identification (5) we have ℓ ∞ (Ĝ) =
wheref (α) = G f (s)α(s) * ds and t denotes the transpose.
If ρ ∈ T (L 2 (G)) is positive, then as above we define D ∈ L 1 (G) to be the density associated to ρ| L ∞ (G) , andD ∈ ℓ 1 (Ĝ) to be the density associated to FρF * | ℓ ∞ (Ĝ) , which in this case is given by
Theorem 3.1. Let G be a compact quantum group of Kac type, and ρ ∈ T (L 2 (G)) be positive and non-zero. Then for D ∈ L 1 (G) andD ∈ ℓ 1 (Ĝ) as above, we have
Proof. By dividing through by tr(ρ), without loss of generality we may assume that ρ is state. We first claim that H(D, ϕ) ≤ log(ϕ(s(D))). To show this, we use the inequality α − α log(α) ≤ β − α log(β) for α, β ∈ (0, ∞). By functional calculus, this implies
. (D) )), which is our claim.
Next, using representation (5) we obtain
Since H(A, tr) ≤ log(rank(A)) for any density matrix A, it follows that
Putting things together, applying Theorem 2.4 and exponentiating, we obtain
The final statement follows from the observation that for ρ = ω x with x ∈ L 2 (G), we haveD =
As an immediate corollary, we obtain a strengthening of [1, Theorem 2]:
Corollary 3.2. Let G be a compact group with normalized Haar measure µ G , and let ρ ∈ T (L 2 (G))
be positive and non-zero. Then for D ∈ L 1 (G) andD ∈ ⊕ α∈I T (H α ) as above, we have
The simplest case of a compact quantum group of Kac type is when G is finite, i.e., L ∞ (G) is finite-dimensional. In this setting the Haar weight ϕ on L ∞ (G) is the restriction of the canonical trace on B(L 2 (G)) to L ∞ (G), and if we view L ∞ (Ĝ) as a subalgebra of B(L 2 (G)) (via conjugation with the Fourier transform), the dual weightφ on L ∞ (Ĝ) is the restriction of the normalized tracê ϕ = (dim G) −1 tr (cf. [7] ). For a state ρ ∈ T (L 2 (G)), one may easily verify that the respective densities of ρ andρ are given by H(E(ρ), tr) + H(Ê(ρ), tr) ≥ H(ρ, tr) + log(dim G) .
Proof. On the one hand, since ϕ = tr on L ∞ (G), we see that H(D, ϕ) coincides with H(E(ρ), tr).
On the other hand, we obtain
Putting things together and applying Theorem 2.4 yields the result.
Remark 3.4. If G is a finite group and ρ ∈ T (L 2 (G)) is a state, then inequality (7) reads
where H(µ ρ ) = − s∈G ρδ s , δ s log( ρδ s , δ s ), and C ρ is the correlation matrix associated to the positive definite function ψ ρ (s) = tr(ρλ(s)), i.e., the s, t entry of C ρ is ψ ρ (s −1 t).
If G is a finite-dimensional quantum group such that L ∞ (G) and L ∞ (Ĝ) are both commutative,
for a finite abelian group G, in which case E andÊ are
given by
where χ s is the character on G represented by s ∈ G. Inequality (7) • If p ∈ A and q ∈ B are minimal projections, then τ (pq) = τ (p)τ (q);
• A ⊖ C1 and B ⊖ C1 are orthogonal in M n (C);
• τ (ab) = τ (a)τ (b) for all a ∈ A, b ∈ B;
• E B (A) = C1, where E B is the trace-preserving conditional expectation onto B.
The fact that L ∞ (G) and L ∞ (Ĝ) are complementary follows from a standard argument, which we now provide for the convenience of the reader. We also note that the above concept of "orthogonality" of subalgebras was studied by Popa [24] in the setting of finite von Neumann algebras, but we shall stick with the terminology of complementarity.
Proof. The unique trace-preserving conditional expectationÊ :
is the right fundamental unitary of G (cf. [19] ). Indeed, if Γ r :
is the co-associative co-multiplication on B(L 2 (G)) obtained by (right) extension of Γ, andÊ is the extension of the left convolution action of the Haar weight on L ∞ (G) to B(L 2 (G)) (cf. [16] ).
Clearly,Ê is a complete contraction, andÊ(x) =x forx ∈ L ∞ (Ĝ). On the other hand, by left
Thus, V (Ê(x) ⊗ 1) = (Ê(x) ⊗ 1)V , and applying the slice map (ι ⊗ ω) to both sides of this equation
ThusÊ is a projection of norm one onto L ∞ (Ĝ). That it is also trace-preserving is clear.
follows from the general relation at the level of locally compact quantum groups (cf. [30, Proposition
2.5]).
Another question of interest is an entropic characterization of complementarity. For certain classes of subalgebras A, B of M n (C), it was shown that the maximality of the conditional entropy of Connes-Størmer (cf. [5] ) is equivalent to complementarity [23] . Also, it was recently shown by
Choda that for finite-dimensional subalgebras A ∼ = M n (C) inside a finite von Neumann algebra M , the complementarity of A and uAu * for some unitary u ∈ M can be characterized by the maximal entropy of a certain density matrix related to u [3] . It would be interesting to see whether inequality (7) is necessary/sufficient for complementarity. This is certainly true when A and B are maximal abelian (cf. [21] ).
Non-unimodular Setting
Our aim in this section is to put forth the idea that the relative entropy with respect to the Haar weight is the appropriate candidate for studying entropic properties of general quantum measures. This is primarily justified by providing an uncertainty principle for arbitrary locally compact groups. Interestingly, as we shall see, the non-unimodularity adds an intrinsic degree of freedom to the overall uncertainty. Further justification is provided by our last result, which states that the relative entropy restricted to q-traces of discrete quantum groups reduces to the entropy of Hiai-Izumi [12] , which is crucial for studying the dynamics of the corresponding random walk.
We begin with the necessary preliminaries from the spatial theory of von Neumann algebras. For details we refer the reader to [4] .
Let M be a von Neumann algebra on a Hilbert space H, and let ψ be a fixed normal semi-finite
extends to a bounded linear operator from H ψ into H. We denote by D(H, ψ) the set of ψ-bounded vectors. It follows that R ψ (ξ)R ψ (ξ) * ∈ M for all ξ ∈ D(H, ψ). Then for any normal semi-finite weight ϕ on M , the spatial derivative dϕ/dψ is the largest positive self-adjoint operator
If ϕ were bounded, so that ϕ(1) < ∞, then D(H, ψ) is contained in the domain of (dϕ/dψ) 1/2 and is a core for this operator.
is the restriction of a vector state
we define its entropy to be
where
By properties of the spatial derivative, this definition is independent of the representing vector ξ, and is equal to −S(ω, ϕ), where S(ω, ϕ) is the relative entropy of ω and the left Haar weight ϕ (cf. [20, §5] ). For later purposes we note that H(ω ξ , ϕ) = H(ω ′ Jξ , ϕ ′ ), where
and J is the anti-linear isometry associated to the standard representation of L ∞ (G).
To get a sense of what these spatial derivatives look like, let G be a locally compact group with left Haar measure µ G , viewed as a weight on L ∞ (G) via integration. Then for f ∈ L 2 (G) with
, and
of the probability density |f | 2 , and µ G .
On the dual side, letφ andφ ′ denote the Plancherel weight on V N (G) and
respectively (cf. [26] ). The spatial derivative dω Jf /dφ ′ is then related to the Fourier transform of f , given by F(f )ξ = f * ∆ 1/2 ξ, ξ ∈ D(F(f )) (cf. [27] ). Indeed, for f ∈ C c (G) one can show that
Of course, if G were a unimodular locally compact quantum group and ω ∈ L 1 (G) were a state with density D, then H(ω, ϕ) defined above coincides with H(D, ϕ) from §1 (see [27, §2] for details).
We shall now present a partial generalization of Theorem 2.4 to the case of vector states on locally compact groups. For this, recall that the right regular representation of a locally compact group G is defined by ρ(g)ξ(s) = ξ(sg)∆(g) 1/2 , for g, s ∈ G and ξ ∈ L 2 (G), and also integrates to a non-degenerate * -representation of L 1 (G) in the usual manner.
Theorem 4.1. Let G be a locally compact group with left Haar measure µ G , let ϕ be the Plancherel weight on V N (G), and let ξ ∈ L 2 (G) with ξ 2 = 1. If H(ω ξ , µ G ) and H(ω F ξ ,φ) are finite, then
where for ξ / ∈ D(∆ −1/2 ) we let ∆ −1/2 ξ 2 = ∞.
Proof. Throughout the proof we view V N (G) as a subalgebra of B(L 2 (G)), and we distinguish between the various Hilbert space representations of V N (G). In particular, the Fourier transform defined above is a unitary isomorphism F :
spatial non-commutative L 2 -space in the sense of Hilsum [13] . The latter space is also unitarily
We letφ := β * α * · ϕ · αβ be the conjugate weight of ϕ.
Now, for n ∈ N, we let ξ n (s) = |ξ(s)| when |ξ(s)| 2 ≤ n and ξ n (s) = 0 otherwise, so that
, and we let
where A n := − log(M 2 ξn ) − F * log(x n )F. Next, Lemma 2.2 yields
where (e i ) i∈I is an orthonormal basis of L 2 (G) consisting of non-negative continuous functions with compact support. Since ξ n e i is a bounded, compactly supported function in L 1 (G), the vector
Thus, by properties of the spatial derivative we get
and since this is true for arbitrary i ∈ I, we have
Thus, applying Lemma 2.1 to the pure state ω ξ , we obtain
Finally, since ∆ −1/2 ξ n increases pointwise to ∆ −1/2 |ξ|, by monotonicity we have
In the theory of random walks on discrete groups, entropic quantities play a significant role in describing the probabilistic behavior (cf. [17] ). With the emergence of non-commutative random walks on discrete quantum groups [15] , it is natural to ask whether entropic quantities can be used to study the corresponding dynamics. This has been done, for example, in [12] , where amenability of fusion algebras was studied via entropies of random walks generated by "q-traces". We now show that our entropy reduces to the entropy of [12] when restricted to q-traces.
Let G be a discrete quantum group, i.e., the dualĜ is compact. In this case we may identify
where the direct sum is taken over all irreducible unitary co-representations ofĜ. In the case of compact groups, V N (G) becomes a discrete quantum group and the above decomposition is that arising from the Peter-Weyl theorem.
For every α ∈ I there exists a positive invertible matrix F α ∈ M dα (C) such that the corresponding "F -matrices" implement the left Haar weight ϕ in the sense that
Given a state ω ∈ ℓ 1 (G), let α∈I D α ∈ ℓ ∞ (G) denote the density of ω via trace duality. It then follows that D ω := α∈I tr(F α ) −1 (F α ) −1 D α is the density of ω with respect to the Haar weight,
i.e., ω(x) = ϕ(D ω x) for x ∈ ℓ ∞ (G). If we restrict our attention to so-called "q-traces" of the form µ = α µ α δ α , where δ α (·) = tr(F α ) −1 tr(F α (·)) and (µ α ) ∈ ℓ 1 (I) is a probability measure, then
is the central projection corresponding to the factor M dα . We now show that for such states µ, our entropy H(µ, ϕ) coincides with H σ (µ) as defined in [12, §2] . , ϕ ′ ), so we shall use the spatial derivative with respect to the Haar weight on the commutant given by ϕ ′ (x ′ ) = ϕ(Jx ′ * J), for x ′ ∈ ℓ ∞ (G)
′+ .
We first consider the case of finitely supported µ, say µ = α∈F µ α δ α , with |F | < ∞. 
By functional calculus, the above decomposition also holds for the corresponding logarithms, i.e.,
. Therefore, z F log dµ dϕ ′ ⊆ log dµ dϕ ′ z F , so that log dµ F dϕ ′ ξ, ξ = log dµ F dϕ ′ z F ξ, ξ = log dµ dϕ ′ z F ξ, ξ = log dµ dϕ ′ ξ, z F ξ .
Putting things together,
We therefore see that restricted to q-traces, our entropy coincides with that of Hiai-Izumi, suggesting that this is the appropriate concept to extend the entropy theory of random walks on discrete quantum groups beyond q-traces. A natural question is then how this entropy behaves under quantum group convolution. Furthermore, to what extent does the uncertainty principle generalize to non-unimodular quantum groups? These questions will be pursued elsewhere.
